Abstract. Let S be a Riemann surface of type (p, n) with 3p + n > 4 and n ≥ 1. Let α1, α2 ⊂ S be two simple closed geodesics such that {α1, α2} fills S. It was shown by Thurston that most maps obtained through Dehn twists along α1 and α2 are pseudo-Anosov. Let a be a puncture. In this paper, we study the family F(S, a) of pseudo-Anosov maps on S that projects to the trivial map as a is filled in, and show that there are infinitely many elements in F(S, a) that cannot be obtained from Dehn twists along two filling geodesics. We further characterize all elements in F(S, a) that can be constructed by two filling geodesics. Finally, for any point b ∈ S, we obtain a family H of pseudo-Anosov maps on S\{b} that is not obtained from Thurston's construction and projects to an element χ ∈ F(S, a) as b is filled in, some properties of elements in H are also discussed.
Introduction
Let S be a Riemann surface of type (p, n) with 3p + n > 4 and n ≥ 1. According to Thurston [17] , non-periodic maps of S are isotopic to either reducible or pseudo-Anosov maps. It is quite obvious to have examples of non-trivial reducible maps of S, yet particular examples of pseudo-Anosov maps are not easy to obtain.
In [17] some pseudo-Anosov maps of S were constructed from a product of Dehn twists along two filling geodesics on S. More precisely, Thurston [17] (see also FLP [6] ) showed that for any pair (α 1 , α 2 ) of simple closed geodesics on S that fills S (in the sense that S\{α 1 , α 2 } is a union of disks and possibly once punctured disks), the compositions t n 1 •t
−m 2
and t −n 1 •t m 2 are pseudo-Anosov for any positive integers n and m, where t i , i = 1, 2, denote the positive Dehn twists along α i . Various related results were obtained in Long [11] and Penner [14, 15] , one of which states that any finite product (1.1)
, N ≥ 1, and n i , m i ∈ Z + is pseudo-Anosov as long as {α 1 , α 2 } fills S. For more recent developments in this direction, see [16] . Other constructions of pseudo-Anosov maps were given in [18] where Veech constructed a family of pseudo-Anosov maps based on the prescribed orders of singularities of the maps (Theorem 8.7 of [18] ).
In contrast, some pseudo-Anosov maps were described in [2] with the property that they are not representable in the form (1.1). See Hubert and Lanneau [7] and Leininger [12] .
Let a be a puncture of S.S = S ∪ {a}. Let F(S, a) be the set of isotopy classes of pseudo-Anosov maps of S fixing a and projecting to a trivial mapping class onS by filling in the puncture a. Kra [10] showed that F(S, a) is non-empty and contains infinitely many elements. The main purpose of this paper is to study elements of F(S, a) and to investigate the problem of whether or not elements in F(S, a) can be obtained from Thurston's method. We characterize those elements in F(S, a) that can be of form (1.1), and give examples in F(S, a) that cannot be of form (1.1).
Let U(S) denote the set of mapping classes on S that are represented in the form (1.1). Obviously, every element of U(S) fixes all punctures of S. If n ≥ 2, we let V(S, a) denote the subset of F(S, a) ∩ U(S) that consists of elements of form (1.1) for α 1 and α 2 being boundaries of twice punctured disks ∆ 1 , ∆ 2 ⊂ S both of which enclose a. We prove the following result: Theorem 1. Suppose that S is of type (p, n) with 3p + n > 4 and n ≥ 1. If n = 1 (and hence p ≥ 2), then F(S, a) ∩ U(S) = ⊘. Otherwise, we assume n ≥ 2. Then (1) V(S, a) is not empty and contains infinitely elements.
is not empty and contains infinitely many elements. Remark 1.1. As applications of Theorem 1, we give new examples (compare to [7] ) of pseudo-Anosov maps on a non-compact Riemann surface that can not be constructed through a product of two filling loops on S.
In [23] , we gave a uniform quantitative lower bound for hyperbolic lengths through the Teichmüller space T (S) for filling geodesics onS corresponding to elements in V(S, a).
We continue to search for pseudo-Anosov maps that are not representable in the form (1.1). Let b ∈ S andṠ = S\{b} =S\{a, b}. Choose χ ∈ F(S, a), and denote L(χ) ⊂ ModṠ the set of mapping classes onṠ that project to χ by filling in the puncture b. In [22] we showed that L(χ) contains infinitely many pseudo-Anosov elements ifS is compact. Here we extend the result to the situation thatS is not compact.
Theorem 2. Let S be a Riemann surface of type (p, n) with 3p + n > 4 and n ≥ 1. For every element χ ∈ F(S, a), there exist infinitely many pseudo-Anosov elements in L(χ). Remark 1.3. If χ is a mapping class of S induced by Dehn twists along two filling geodesics α and β, where α and β are also non-trivial onS, then by Theorem 1, χ / ∈ F(S, a). In this case, it was shown in [22] that there also exist infinitely many pseudo-Anosov mapping classes on S projecting to χ.
Obviously, V(S, a) and F(S, a)\V(S, a) are subsets of F(S, a). F(S, a) is contained in Mod a S . From Theorem 1, V(S, a) and F(S, a)\V(S, a) both contain infinitely many elements. On the other hand, for each element χ ∈ F(S, a), let L pA (χ) be the collection of all pseudo-Anosov elements in L(χ). From Theorem 2, L pA (χ) ⊂ Mod bṠ also contains infinitely many elements. Our last result is the following: Theorem 3. Let S be of type (p, n) with 3p + n > 4 and n ≥ 2.
(2) For every χ ∈ V(S, a), L pA (χ)∩U(Ṡ) contains infinitely many elements.
As we will see in Section 7, each element in L pA (χ) ∩ U(Ṡ), χ ∈ V(S, a), can be explicitly characterized.
For general discussions of pseudo-Anosov maps, see [6, 11, 14, 17] ; for information of how pseudo-Anosov maps are related to Teichmüller theory, see [4, 10] .
Teichmüller spaces and mapping classes
In this section, we review some basic facts on Teichmüller theory. Details can be found in [1, 3, 4, 10] . Let H be the hyperbolic plane and (2.1)
̺ : H →S the universal covering with the covering group G. G is a Fuchsian group acting on H so that H/G =S. Denote L ∞ (H, G) the space of measurable functions on H satisfying
, there is a quasiconformal automorphism w µ ofĈ = C ∪ {∞} satisfying the properties: (i) w µ is compatible with G in the sense that w µ • G • (w µ ) −1 is a group of Möbius transformations; (ii) w µ fixes 0, 1, ∞; (iii) w µ is conformal on H = {z ∈ C; Im z < 0}; (iv) the Beltrami coefficient of w µ on H defined by
is µ(z); and (v) for any fixed z ∈ C, the function
For µ, ν in M (G), we set µ ∼ ν if and only if
We define the Teichmüller space T (S) to be the quotient space M (G)/ ∼ equipped with the quotient structure. The equivalence class of µ ∈ M (G) is denoted by [µ] . T (S) is a complex manifold with dimension 3p − 4 + n. We form the Bers fiber space F (S) over T (S):
The projection π :
is holomorphic. Theorem 9 of Bers [3] states that there is an isomorphism ϕ :
commutative, where η a : T (S) → T (S) is defined by forgetting the puncture a. Denote ModS the mapping class group ofS. Each element θ ∈ ModS is induced by a self-map f onS that can be lifted to an automorphism f : H → H under the universal covering (2.1). Let modS denote the group that consists of equivalence classes [f ] off where two liftsf andf ′ : H → H are equivalent (writef ∼f ′ ) if they induce the same automorphism by conjugation on the covering group G. Every lift of f , which is of form 
where ν is the Beltrami coefficient of w µ •f −1 . In particular, for every element g ∈ G,
In this manner, G ∼ = π 1 (S, a) is regarded as a normal subgroup of modS so that modS/G ∼ = ModS. Let Mod a S denote the subgroup of Mod S that consists of mapping classes on S that fix a. From Theorem 10 of [3] , the group modS is isomorphic to Mod a S under the isomorphism ϕ * : modS → Mod a S defined as
commutative, and thus the kernel ker(η * a ) of η * a : Mod a S → ModS is ϕ * (G). Now for every element g ∈ G, ϕ * (g) defines a mapping class on S that projects to the trivial mapping class and conversely, any mapping class on S that projects to the trivial mapping class is of the form ϕ * (g) for some h ∈ G.
A hyperbolic element g ∈ G is called essential if its axis A g ⊂ H projects to a (self-intersecting) geodesic ̺(A g ) ⊂S so that each component ofS\̺(A g ) is either a disk or a once punctured disk. Let F(S, a) be defined in the introduction.
Theorem 2.1.
(Kra [10] ) Let g ∈ G. Then ϕ * (g) is a pseudo-Anosov mapping class in Mod a S if and only if g is an essential hyperbolic element. Namely, F(S, a) = {ϕ * (g); g ∈ G is essential hyperbolic }.
Throughout the rest of the paper we denote by t c the positive Dehn twist along a simple closed geodesic c on a Riemann surface. The following result was proved in [21] : Theorem 2.2. Let α ⊂ S be a simple closed geodesic so that α is non-trivial onS. For any essential element g ∈ G and any integer m, the composition
Let g be a simple hyperbolic element with A g ⊂ H its axis, which means ̺(A g ) is a simple closed geodesic onS. Theorem 2 of [10, 13] shows that ϕ * (g) is induced by a spin t −1 2 • t 1 , where t 1 and t 2 are the Dehn twists along boundary geodesics {α 1 , α 2 } of an a-punctured cylinder C so that they are both homotopic to ̺(A g ) onS.
If g ∈ G is a parabolic element, then ϕ * (g) is represented by a Dehn twist along a loop α that bounds a twice punctured disk ∆ ⊂ S enclosing a and x, where x is another puncture ofS corresponding to the conjugacy class of g in G. Since every essential hyperbolic element g is written as a word generated by simple hyperbolic and parabolic elements of G, the pseudo-Anosov class ϕ * (g) can be represented as a word generated by spins and Dehn twists.
Mapping classes determined by peripheral curves
In this section we construct pairs of filling geodesics that project trivial loops onS. From the construction it is easy to see that there are infinitely many of such pairs.
Let P(S, a) denote the set of equivalence classes of paths Γ on S connecting a and another puncture, where two paths Γ 1 and Γ 2 are considered equivalent if they are homotopic to each other by a homotopy fixing the end punctures. Let E(S, a) denote the set of equivalence classes of twice punctured disks on S that enclose a and another puncture, where two such disks are equivalent if their boundary curves are homotopic to each other without interfering with any other punctures.
Given a path representative Γ ∈ P(S, a), we can always fatten Γ, giving rise to an element in E(S, a). Conversely, for every element ∆ ∈ E(S, a), there is a path connecting the two end punctures and lying entirely in ∆. Any two such paths must be homotopic to each other with the end punctures fixed. We thus obtain a bijection:
} is either a disk or a once punctured disk. We need the following lemmas.
Lemma 3.1. Let Γ 1 , Γ 2 ∈ P(S, a) and assume that {Γ 1 , Γ 2 } fills S, then {∂j(Γ 1 ), ∂j(Γ 2 )} must also fill S in a regular sense.
Proof. See [22] .
The following lemma is suggested by referee's comments on [23] :
Proof. S can be thought of as a Riemann sphere with p handles and n punctures. Let H be a handle with (D 0 , D ′ 0 ) the boundary. Let γ, δ be two curves that are drawn not to be homotopic and {γ, δ} fills H. Note that γ can be winded around δ as many time as possible. The end points of γ are denoted by s, t, and the end points of δ are denoted by u, v. See We remove p pairs (D i , D ′ i ) of small disks and n points x 1 = a, x 2 , . . . x n , n ≥ 2, from the Riemann sphere S 2 , obtaining S 0 . S 0 is drawn in Figure 2 in the case that p is even (D p and D ′ p are switched if p is odd). For i = 1, . . . , p, we let (u i , s i ) (resp. (v i , t i )) be a pair of marked points on ∂D i (resp. ∂D ′ i ). Paste p copies of H to S 0 in the following way: (∂D 0 , ∂D i ) and (∂D ′ 0 , ∂D ′ i ) are glued together with u i = u, v i = v, s i = s, and t i = t. Then we define Γ 1 ∈ P(S, a) as follows. Connect a = x 1 and s 1 , followed by γ, connect t 1 and s 2 , then followed by γ again, and so forth. After p steps, we connect t p and x n by a path away from all punctures other than end punctures. Similarly, we can define Γ 2 ∈ P(S, Figure 3 a
The connection between ϕ * (g), g ∈ G and the mapping classes in Mod a S generated by two Dehn twists along peripheral curves are included in the following lemma.
Lemma 3.3.
For any two elements ∆ 1 , ∆ 2 ∈ E(S, a), let t 1 , t 2 denote the Dehn twists along the boundary geodesics ∂∆ 1 and ∂∆ 2 , respectively. Then the finite product (1.1) is of form ϕ * (g) for some element g ∈ G. Furthermore, {∂∆ 1 , ∂∆ 2 } fills S if and only if g is essential hyperbolic.
Proof. Let χ be a mapping class represented by (1.1). As a is filled in, both loops ∂∆ 1 and ∂∆ 2 are trivial and so χ projects to a trivial mapping class. This implies that χ ∈ F(S, a). According to Theorem 2 of Kra [10] , there is an element g ∈ G so that χ = ϕ * (g). For the second statement, we use Thurston's theorem [17] to obtain that χ is pseudo-Anosov. From Theorem 2 of [10] once again, we know that g has to be essential.
Remark 3.1. Note that even if ϕ * (g) determines ∆ 1 , ∆ 2 ∈ E(S, a), it may not be represented in the form (1.1); it could be the word generated by t 1 and t 2 . In fact, for any word λ generated by t 1 and t 2 for ∆ 1 , ∆ 2 ∈ E(S, a), there is an element g ∈ G so that λ = ϕ * (g).
From the Definition of V(S, a) and Lemma 3.3, we obtain: Lemma 3.4. Elements of V(S, a) are of form (1.1) with the properties that α 1 = ∂∆ 1 , α 2 = ∂∆ 2 for ∆ 1 , ∆ 2 ∈ E(S, a), and {α 1 , α 2 } fills S.
Proof of (1) and (2) of Theorem 1
In what follows we denote byα the geodesic onS homotopic to a curve obtained from a geodesic α on S by filling in the puncture a. Note thatα could be trivial, which occurs only when α = ∂∆ for a ∆ ∈ E(S, a). Proof. We only prove (2) . The argument for (1) is simpler than (2) since V(S, a) is empty when n = 1. The fact that V(S, a) contains infinitely many elements follows from and Lemma 3.2. Let χ ∈ F(S, a) ∩ (U(S)\V(S, a)). From Theorem 2.1, there is g ∈ G so that χ = ϕ * (g). Recall that η * a : Mod a S → ModS denotes the natural projection induced by (2.2). Ifα 1 is contractible whileα 2 is not contractible onS, then
On the other hand, η * a • ϕ * (g) is a trivial mapping class. This is a contradiction.
Let us now consider the case that bothα i , i = 1, 2, are not contractible onS. Clearly, ifα 1 is disjoint fromα 2 , (1.1) projects to a multi-twist that is non-trivial. This contradicts to (2.6).
Ifα 1 intersects withα 2 , then (1.1) projects to
Let Σ be a system of geodesics so that one componentR ofS\Σ containsα 1 andα 2 . We assume thatR\Σ is a union of disks, once punctured disks, and annuli with boundary loops in Σ. Then we know (by Theorems of [11] ) that Θ|R is pseudo-Anosov. In particular, This implies that Θ is non-trivial.
It remains to consider the case thatα 1 =α 2 . Since χ ∈ F(S, a), it projects to the trivial mapping class. Hence in order for the mapping class with form (1.1) to project to the trivial class, we must have that
If N = 1, the assumption together with (1.1) yields
for some n ∈ Z + . Since g is essential, by Theorem 2.1, ϕ * (g) is pseudoAnosov, which means that {α 1 , α 2 } fills S. Now from (4.2), t −n
is either trivial (when n = 0) or a Dehn twist (when n = 0).
We now consider the case that N ≥ 2. Write m 1 = n 1 + ǫ 1 for some ǫ 1 ∈ Z. From (1.1) and hypothesis,
Since g is essential and ϕ * (g) is represented as (1.1), {α 1 , α 2 } fills S. Recall thatα 1 andα 2 are homotopic onS. As a consequence t
projects to the trivial class onS. We conclude that the right hand side of (4.3) is written as ϕ * (g 0 ) for another essential hyperbolic element g 0 ∈ G. That is, t
By Theorem 2.2, the right hand side of (4.4) is pseudo-Anosov, while the left hand side of (4.4) is either trivial or a Dehn twist. This is a contradiction. This proves Lemma 4.1.
Proof of (1) and (2) of Theorem 1. If n = 1, we can use the same argument of Lemma 4.1 to conclude that F(S, a) ∩ U(S) = ⊘. We now consider the case that n ≥ 2.
(1) By Lemma 3.1 and Lemma 3.2, there are two simple closed geodesics α 1 and α 2 ⊂ S with the property that α 1 = ∂∆ 1 and α 2 = ∂∆ 2 for ∆ 1 , ∆ 2 ∈ E(S, a). Then (1) follows from Thurston's theorem [17] (see FLP [6] also).
(2) By definition, V(S, a) ⊂ F(S, a) ∩ U(S). Now suppose that there is a χ ∈ F(S, a) ∩ U(S) such that χ / ∈ V(S, a). This implies χ ∈ U(S)\V(S, a). By Lemma 4.1, χ / ∈ F(S, a). This is a contradiction.
Mapping classes under various Bers isomorphisms
The aim of this section is to prove (3) of Theorem 1. For this purpose, it suffices to show that there are (infinitely many) essential hyperbolic elements g of G so that ϕ * (g) can not be represented as a finite product (1.1) where α i bounds a twice punctured disk ∆ i that encloses a for i = 1, 2.
Let a = x 1 , x 2 , . . . , x n , n ≥ 2, denote the punctures of S. ThusS = S∪{a} has punctures x 2 , . . . , x n . For every i = 2, . . . , n, let S i = S ∪ {x i } and S i =S ∪ {x i } = S i ∪ {a}. Let G i denote the Fuchsian group that uniformizes S i . G i acts on the Bers fiber space F (S i ) fiber wise via the formula (2.4) . Thus G i is regarded as a normal subgroup of modS i . Let ϕ i : F (S i ) → T (S i ) denote the Bers isomorphism. ϕ i induces a group isomorphism ϕ * i of mod S i onto Mod a S i by conjugation.
Let Mod
a,x i S be the subgroup of Mod S consisting of mapping classes fixing both a and x i , η * i : Mod a,x i S → Mod a S i the natural projection defined by forgetting the puncture x i . We fix an isomorphism π 1 (S i , a) ∼ = G i as well as the isomorphism π 1 (S, a) ∼ = G. Clearly, there exists a naturally defined projection ξ i of π 1 (S, a) onto π 1 (S i , a) by forgetting the puncture x i , we obtain a projection ζ i : G → G i making the diagram:
commutative.
Lemma 5.1. Let G and G i be regarded as normal subgroups of modS and modS i , respectively. With notations above, for every i = 2, . . . , n, the diagram
Proof. Fix a set of generators of G. Let g ∈ G. Without loss of generality we assume that g is one of the generators of G. The general case is handled by the properties of homomorphisms. Then g is either parabolic or simple hyperbolic. Letc ∈ π 1 (S, a) be a loop that corresponds to g under the fixed isomorphism.
If g is parabolic, thenc goes around x i , ζ i (g) is trivial, and hence ϕ * i •ζ i (g) is trivial. On the other hand, by Theorem 2 of [10, 13] , ϕ * (g) is the Dehn twist along the loop c bounding a twice punctured disk ∆ that encloses a and x i . As x i is filled in, c shrinks and thus ϕ * (g) becomes trivial, which means
If g is a parabolic element that corresponds to x j , i = j, ζ i (g) ∈ G i corresponds to x j (as a puncture ofS i ). So ϕ * i • ζ i (g) is the Dehn twist along the loop c that bounds a twice punctured disk ∆ enclosing a and x j . On the other hand, ϕ * (g) is the Dehn twist along ∂∆. Since x i lies outside of ∆, as x i is filled in, ∆ does not vanish. So η * i • ϕ * (g) is also the Dehn twist along ∂∆. So in this case, we again have
If g is simple hyperbolic, the argument is similar to the above. Instead of having a twice punctured disk ∆, ϕ * (g) is a spin defined by an a-punctured cylinder C ⊂ S that does not contain any other punctures ofS. Thus η * i • ϕ * (g) is the spin defined by C ⊂ S i . If we follow the other path, we see that ζ i (g) ∈ G i is also simple hyperbolic, and it is easy to check that ϕ * i • ζ i (g) is the spin determined by C. Now we claim that there are infinitely many essential hyperbolic elements g of G such that ξ i (g) ∈ G i are also essential elements. One example is demonstrated below, from which we can generate infinitely many essential elements by taking powers of generators or permuting generators.
LetS denote the compactification of S. Letc 1 ,c 2 be two simple closed geodesics onS so thatc 1 andc 2 go through a and {c 1 ,c 2 } fillsS. Let Q 1 , . . . , Q k be the disk components ofS\{c 1 ,c 2 }. They are all polygons whose sides are geodesic segments (some of which may be identical). We assume that all the points x 2 , . . . , x n lies in Q 1 , say, and a = x 1 is a vertex of Q 1 . Note that each side of Q 1 is a protion of eitherc 1 orc 2 . In Q 1 , we can take a parabolic basisẽ 1 , . . . ,ẽ n ∈ π 1 (S, a). That is,ẽ i is a loop representative that starts from a, goes around x i exactly once in the clockwise direction, and then return to a.
Note thatc 1 andc 2 also represent two non-trivial elements in π 1 (S, a). For 1 ≤ i ≤ n, let T i ∈ G be the elements that correspond toẽ i , and h 1 , h 2 the elements corresponding toc 1 ,c 2 , respectively, under the isomorphism π 1 (S, a) ∼ = G. Note that T i ∈ G are parabolic, while h 1 , h 2 ∈ G are hyperbolic. Figure 4 We define
Consider the curveλ =ẽ 2 · (ẽ 2 ·ẽ 3 ) · · · (ẽ 2 · · ·ẽ n ) ·c 2 ·c 1 . First we notice that the complement ofλ on Q 1 consists of one disk and n − 1 once punctured disks (Figure 4 above shows the portion of the curveλ in Q 1 ), and the complement ofλ inS\Q 1 is determined byS\{c 1 ,c 2 } that also consists of disks and once punctured disks. It follows thatλ is a filling curve. Now the axis of g projects to a geodesic homotopic to the filling curveλ onS.
It follows that the element g defined in (5.3) is essential hyperbolic. Moreover, as x i is filled in, the homomorphism π 1 (S, a) → π 1 (S i , a) only kills the loopẽ i . The image loop fillsS i , which says that ζ i (g) corresponds to the element that fillsS i . Therefore, ζ i (g) is an essential hyperbolic element of G i . Finally, we need:
represents a pseudo-Anosov mapping class.
Proof. We know that ζ i (g) is an essential hyperbolic element of G i . Hence by Theorem 2 of [10, 13] 
represents a pseudo-Anosov class.
Proof of (3) of Theorem 1. Let g be defined in (5.3). Assume that ϕ * (g) is represented by (1.1) for α 1 and α 2 being boundaries of twice punctured disks ∆ 1 and ∆ 2 enclosing a. Write α 1 = ∂∆ 1 and α 2 = ∂∆ 2 . Let {a, x i } be the punctures included in ∆ 1 , and {a, x j } be the punctures included in ∆ 2 . If x i = x j , then on the surface S i = S ∪ {x i } bothα 1 andα 2 shrink to the puncture a. It follows that the mapping class η * i • ϕ * (g) is trivial, which contradicts to Lemma 5.2.
We assume that x i = x j . Observe that as x i is filled in, the loop α 1 shrinks to the puncture a while α 2 remains non-contractible on S i . This means that
, wheret 2 denotes the Dehn twist along the loopα 2 regarded as a loop on S i . But (5.4) represents a power of Dehn twist that is a special kind of reducible mapping class. This again contradicts to Lemma 5.2. This completes the proof of (3) of Theorem 1.
Proof of Theorem 2
We assume thatS contains punctures. Let χ be induced by a map W : S → S. W can be lifted to w : H\{̺ −1 (a)} → H\{̺ −1 (a)} via the universal covering (2.1). Let σ : H → H\{̺ −1 (a)} be a universal covering map with covering group G 0 . Thus w can be further lifted to ω : H → H via σ. Note that ω defines an element [ω] of mod S, and the composition ̺ • σ : H →S is a universal covering with a group G * so that the naturally defined short sequence
is exact. Recall that there is a Bers isomorphism ψ :
map Ω :Ṡ →Ṡ that extends to a map W of S as b is filled in.
Notice that W induces the element χ = ϕ * (g) for some g ∈ G, when a is filled in, W extends to a self map ofS which is still denoted by W . W is isotopic to the identity onS. Let H :S × [0, 1] →S denote the associated isotopy that connects W and id: H(·, 0) = W and H(·, 1) = id.
Set M =S ×S and ∆ = {(x 1 , x 2 ) ∈ M ; x 1 = x 2 }. By using the isotopy H we define c 1 = H(a, t) and By hypothesis, χ = ϕ * (g) ∈ F(S, a) and g ∈ G is essential hyperbolic. We know that χ projects to the trivial class onS as a is filled in, as we see above, χ defines a string s g with the base point a. s g is isotopic to ̺(A g ) onS. We may assume that b ∈S\s g . Let x 0 be a puncture ofS. One may construct a string s 0 that represents a parabolic loop. That is, s 0 goes around x 0 once and passes through b. Figure 5 below demonstrates the string s g and s 0 that are linked non-trivially near x 0 . Remark 6.1. From Corollary 3.1 of [20] , ω : H → H extends to a self-map of H that fixes no parabolic fixed points of G * .
Proof of Theorem 3
Let θ ∈ L pA (χ) ∩ U(Ṡ). By filling in the puncture b, θ projects to χ which is in U(S). By (2) of Theorem 1, (F(S, a) ∩ U(S)) \V(S, a) is empty. Therefore, we must have that χ ∈ V(S, a), contradicting the hypothesis. This proves (1) of Theorem 3. Now let θ ∈ L pA (χ) ∩ U(Ṡ), where χ ∈ V(S, a). Write θ in the form (1.1), where t i , i = 1, 2, are Dehn twists along β i onṠ. Since θ ∈ L pA (χ), {β 1 , β 2 } fillsṠ, and θ projects to χ as b is filled in. Notice that χ ∈ V(S, a). We see
